—Chapter 4—

BdG Equations
on a Lattice
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4-1 Self-consistent BAG Equations

A. EQUATIONS OF MOTION

(1) The BCS Hamiltonian on lattice

#x ot a At At x A A
H= Z tij wc],I £iCipCi )+Z(AijCiTCj1+AijleciT)

ijo ij
Since the Hamiltonian should be a Hermitian operator, i.e.,

(2) The equations of motion
Let the imaginary time 7 = it
d . A
- a Cigc = [Cia' H]
0 ~
e ClTa = [6?—0' H]
OS:

[a, bc] = {a,b}c — b{a,c}
[ab,c] = a{b,c} —{a,c}b

A ol _ A JC et
[Cim H] - Z [Cim _tuvcuacva tuvcvacua + Auvcua vo

= Z —tyuwCoeOiu — tuwCuediv + oA vc 51u

uv
Z —2t;:8i5 + 0D CL
j%o ij%a

j

2t-t
— tUCJU-l-O'AU 5
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[6?0' H] = Z [éljra' _tuvézaé\va - t{;végaéua + Afwcvécucr]
=) tuplh Sy 4 thp bl Sy — OALyCygd
- uvCugOiv uvCpeOiu ~ 0BuwCoz0iu

uv

_ . At .

= Z 2tl-jcj0 - O'Aijcvg-
J

2t-t * At

*
— ) tijCjs — 0hjjCys

J

B. BOGOLIUBOV TRANSFORMATION

(1) Bogoliubov transformations

A na nxat
Cig = Z (ui Yne — 0V yn&)

n
At E : vt ~
Cig = (u:l Yno — o—vinyna)

n
which are linear transformations of creation and annihilation operators
that preserve the anticommutation relation, i.e.,

?na?gcr + ?Ja?ncf =1

(2) The Bogoliubov transformation in matrix form,

ClT u% e uiv _vll* oee _U:ILV* le
¢ 1., N _1x . _ N« %
T _ | un Uy Uy Un VIYFT
A - 1 N 1 N 5
€11 vy vp up ot Up Yu
AT '1 'N i* Nx ~T
CNl VN Un Uy Uy le
the transformation matrix is a 2N X 2N matrix.
Let
A At
C11 ¢ €11
= H c = :
¢ ot
uj uf vi vy
u=1 : N P v=] : :
uy uy vy vy



Y11 ?Il
Yr = A: , Y :
146 ]711:”

The Bogoliubov transformation can be simplified as,
Cr __(u> ——v*) Y1
)=\ w
(3) Since

(u —V*)(u —V*)T
v u/\v u

(u —V*)(u* V*)
v u* -V u

vu* —u v—0=>2(v” M —uMvl) =0
The Bogoliubov transformatlon matrix is a unitary matrix, i.e.,
(u _V*)T _ (u _V*)—l
v u v u
C. BdG EQUATIONS

(1) Define a spinor operator

Cr
v=(d)

The Hamiltonian in terms of { and T
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_ [ At AT ~ ~
H = (ClT CNT Cyy v CNl)

0 —ty, v —tiy Ay o Agy C11
—ty, 0 . . : . . :
_tNl 0 ANl ANN éNT
A%y e Ay 0 tf, - tiy @L
. . . . £, 0 . .
Ay o ANyt e e 0 é;:”
Let
0 ty, - tiy Ay - o Ay
t 0 M . ‘. .
t= 2:1 B A=
tyy - 0 Ayy - - Ayy
We obtain

—t A Cr
H=(c ¢ ( ) *)< T) ..... c
(cF ) o)) ©
(2) Use the Bogoliubov transformation
c
(€ «) ()
_ (1 u v (-t A>'(u v)
H (YT Yi) (V u* ) (A* t* v u* YI
_ (vt e 0\ (M
_( T Yi)(0 —£l> (yir
=ZE0Y2Y0+£O
(e}
where
(u —V*)T (—t A) (u —V*)
v u A t*)\v u*

_ (—u*tu + u*Av + v AU + Vvit'vV Uty + utAUt — vIATVT + V*t*u*)
vtu — VAV + uA*u + ut*v —vtv* — vAu* — uA*v* + ut*u”*

and
utv* + u*Au* — v ATV  +vittut =0
vtu — VAV + uA*u+ ut*v=20
E; = —tu? + Au*v + A*uv* + t*v? = —tu? + t*vZ + 2R{Au*v}
E| = —t*u? + Au*v + A*uv* + tv2 = —t*u? + tv2 + 2R{Au*v}
As t is real,
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Er = —t(u? 4+ v?) 4+ 2R{Au"v} = —t + 2R{Au*v}
E; = —t(u? 4+ v?) 4+ 2R{Au"v} = —t + 2R{Au*v}

ﬁET=

E,

(3) The equations of motion in terms of c; and cl

[éio-,ﬁ] Zz_tllé]d O'Al] i

j

N4 * at * A
[CiU’H] = Z tijcja - UAijCjE

j

f —ty; 0 ; e s 3
[ 6NT H] _ _tNl 0 ANl ANN é\NT
L K Bl .V Aiy 0t tiv || ¢l
; : Pty 0 s :
el Ayp 0 Ay taa 0 el
Cr —t A\(©
= [(cj)’H] B (A* t*) (cj) """ (d)
(4) The equations of motion in terms of y5 and y:r,
R.H.S. of equation (d
—V u —v*\(Er 0 ("
o= )
()-4]- [ )= 06 &)

L.H.S. of equation (d

-t A _(-t A —v\ (V1
(A* t*) <CI>_<A* t*) (v u* )(YI)
Thus, we obtain
(—t A) (u —V*) _ (u —v*) Er 0
A )\v o w /) \v uw/\0 -E
The equations above are called the Bogoliubov-de Gennes' (BdG)

equations.

(5) Global Index in Code Implementation
From the equation (c¢), the Hamiltonian matrix is
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0 —tp —tin D11
_t21 O . .
H= (—t A) | ~th 0 Aw
ATt A4 Aly 0 ti,
. . *
H t21 0
* * *
ANt Avn  tha
Declare a matrix in code implementation:
hi4 hyn hin+1
H= (—t A) | hwa hyn hyn+1
=(, 5=
ATt hy+11 hniin  hniin+r
han 1 honn  hann+1
Diagonalize H and obtain
eigenvectors:
T i AW
1 N 1x N*
(u —V*) _ | wn Uy —Uy Uy | _|Un
v ou vi vl ul ul’* Vi
vy v uy uly* VN
where we define the global indices
u} ulV o}l vl
ul = (u} ..... u{v ui +1 ... ui
v v u u”
ol N oN+1 2N
vl — (vl ..... vi vi ..... vi )
OS:
After diagonalization, we should use the normalization conditions
to verify the global index as follows:
2 2
n n —
D (el + opl) =1
n
n,,nx n*x, n —
Z(uivi —v"u) =0
n
eigenvalues:

WEE7TH

A1N

Ayn
tin

hian

hy 2n
hns12n

han2n




0
0 -—E Ent1
0
Ean
where

E, Eqq

Ev [_]| Ewm
Enyq —Eyy

Eon —Eyy

D. SELF-CONSISTENT CONDITIONS AND ORDER
PARAMETERS

(1) Electron density:

() = (ehe)
- Z <(u?*?711-T - Uin],/\nl) (uzn),/\nT - U?*?Zl»

= Dl (7] + o1 (7o)
= Z [luﬂzf(EnT) + |v?|2f(—Enl)]
(nyy) = <C;L¢Cu>

= Z ((u?*)?gi + vin?nT) (u??nl + vln*?:;T))

n

= > ervr (puetl) + e (70

n

= D [Pl £ (=) + [t (Bu)]

n
Using global indices, we obtain

(nar) = D [l (Eue) + |7 F ()] = ) [0 F(En)
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(nas) = > [[oF1F(=Eur) + " (Ea)] = D o *[1 = £(E)]
Since
F(En) = g

1 eﬁEn/z _ e_ﬁEn/z
=\ 1 T oBEz ¥ ooBEn

1 E
= E(l — tanhgz—n->

we obtain

2N
21 BE
(nir) = Z|uy| 5(1 _ tanh—2—n->
) 1 BE
2
(ny) = Zl|vl"| [1 - E(l - tanh—2—n->]
N

- n21 PEn
—Z|vi| 2<1+tanh 2>

n=1

(2) Superconducting pairing:
|4 |4
Ajj = V<CiTle> = E(CiTle - leCiT> ) (<CiTle> - <leCiT>)

(CiTle> = Z ((u??m - Vin*?:[l) (u}l?ni + v}l*)?L))
n
= nynx (5 ST pnen (5t 5
- u; v] YntVmr Vi u] Yni¥nl

= 3 [t P a) — v )]
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(enee) = > (9 +07°78) (it — w71
= Z [ v (ymym> +uj'v)* <Vnu7;£l>]

= 3 [ () + ool ()]

Using global indices, we obtain

= 5 D W) =)~ ) + 40 )
ZZ (=) = vy (50)
S w215

Since
2 ePfn —1 BE,
1-2f(E,) =1- PRl Py Eh
we obtain
v 2N
Ajj = Ez u;'vjt tanh——-
EXAMPLES:

1. Solve the BdG equations for the d-wave superconductivity,

(—t A)(u —V*)z(u —V*) Er O
A /) \v ut v u 0 -E;

We can then obtain the pairing using

n n* Tl
Agj ZZ tanh——

The d-wave superconduct1v1ty is

1
A=y (Ai+x T Ajx = Divy — Ai—y)

(3) D-density wave (DDW) order:

V V *
=St ) =5 (hr)- ] ) -5l

e 10 B



%4 vV *
==t =5{ ko) i) =~

Wij = WijT + Wijl =V S ((Cl:rchT> + <C£le>>

(CLTTCJ'T> = Z ((u?*V;T - Uinynl) (u}anT - vjn*VL))

n

= 30—t )

n

= Z [u{l*u? <V;TVnT> + vl.nv}l* (yn”/:;lﬂ
n

= Z [u?*u?f(Em) + v?v}”f(—Em)]
n

(Cﬂcj¢> = Z ((u?*VL + 07 ) (4 + v,-"*)/L))

n

= > rfvms) + w2 e
n

= Z [u?*u}‘f(Em) + V?v}l*f(_E”T)]

n
Using global indices, we obtain

Wiy = V5 ) [al ) f(Bur) + 0] f (<)

S ul f(Ent) + 070 f (~Enr)]
2N

—V-3 Z |uu? £(Ey) + vPvi 1 = f(En)]|
n=1
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4-2 Magnetic Field Effect

A. PEIERLS SUBSTITUTION IN TIGHT-BINDING MODEL

(1) When apply an external magnetic field, the single-particle Hamiltonian

and the Bloch eigenfunctions are

- 1 /. e \? R

}[B = EE (ﬂ? +EA) + V(T')

RS
Since in the presence of a magnetic field, the only term changed in the
Hamiltonian is the momentum operator as

N N e -
p-op+ EA

Thus, we can assume the Wannier function as
VT/(F— ﬁl) = ey (?— ﬁ)

The Schrodinger equation gives

Since
peew (77 - ﬁ) = —ihVe'®w (? - l_f)
= —ih [ei‘pr (F — ﬁ) +ie'(Vo)w (F - ﬁ)]
=e?(p + hVe)w (F — ﬁ)

—
NS
+
alo
L )
NG~
[\S]
§?
—~
=l
I
=1
N/
I
—
A\
+
)
N
—
A\
+
|
.
N
mF-
£
S
—~
=
|
=]}
N/

Thus, we obtain
—~ ~ - 1 l%ﬁ l(P 1 ~ e - 2 R - —
}[Bybk(r)::/_ﬁz:e e z—rﬁ(;7+zA+hV(p) +V(7 w(r—R)

Since
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ﬂ-fll)k(r) — + V(r) 1/)k(r) = &‘kl/)k(’r')

We need to set
AtV =0=¢= efr,cf(*') di*
C ¢=0=¢=—z] AU) dr (a)

Thus, we obtain

ﬁB‘[’k(F) = ei(pﬁlpk(ﬂ = ei(pfklpk(F) = gkl/jk(F)
= The magnetic field has no effect on the eigenenergy at the scale of
the crystal lattice and only adds a phase term in the Bloch

wavefunction.

(2) Thus, the hopping integral is

fijz—fvT/ ( R).‘]—[BW(F ﬁj)d3r

e
=—— d
hc -fRi—n‘—»R] )
e S e (8,
—— A -d?’——f A
hC R—>r—>R]—>Rl ( ) hc R; ( )

Since we assume A(r) is approximately uniform at the lattice scale -
the scale at which the Wannier states are localized to the positions - we

can approximate,

e >
—— A(#")-dF' = 0
hC I_?)l—>f'—>l_?)]—>l_?)l

Let
2

m (R,
. A 21N . d-’l
(DO ‘[Ri (r ) ’

e =1
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where @ is the single-particle flux quantum,
hc

b, = - = 2.07 x 10715 Tm?
Thus, we obtain

Qi — Q= —Qyj
which is yielding the desired result,

fij = tl-jei‘pif
= Magnetic fields are incorporated in the tight-binding model by
adding a phase to the hopping terms, i.e., the magnetic field enters the
kinetic part of the Hamiltonian through a phase factor.

(3) Thus, the tight-binding Hamiltonian is

i z AT T .t
j{B = Z _tijciacja + Z AijCiTle + H.c.
ijo ij
Now, we can solve BdG equations as follows:

(—E A)(ﬁ —v*)_(a —v*) Er 0

AT )\ o) ¢ ar/\0 -—E

z —fija}l+AUﬁj”] = Eii"

[

Z _ty e (@ 0i)gn 4 p, pm
] J j~j

~ 1
Multiply e'*®t on both sides

z »—tijei‘piﬁ}l + Aijﬁ}lei(pi] = Emﬂ?ei‘pi

j
To make the equations covariant, let
o = e @)
i = uj'e

o = ple™1¥j

J J
B, = 8¢
We obtain

i, n,—i@; n,—iQj,iQ;| — n,i@;,—ip;
Z [—tije Piufte™ i + Ajjvite e ‘Pl] = Ezujte!®ie®i
J

z [—tl]u]n + Zijvjn] = Emu?
j

EXAMPLES:
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1. Solve the BdG equations for the d-wave superconductivity in the
presence of a magnetic field,

(—f A) (a —\7*) _ (ﬁ —\7*) Er 0
A T\ T v oo 0 -E
We then obtain the pairing using
i Z ul'v n* tanh = A--ei((pi_(pf)
l] 2 lj
Since the d—Wave superconductlvity is

1
A=y (Ai+x + Ay = Digy — Ai—y)
We need calculate each pairing as

Aijz Zije_i((pi_(pj) = Eijei‘pif
B. RECTANGULAR VORTEX LATTICE

(1) Consider a rectangular lattice with the linear dimensions N, and N,, as
a unit cell of the vortex lattice.

N X
Since in the presence of a magnetic field, the magnetic effect is
included through a Peierls phase factor as
2 (R
Qi =— A(7) - d7
7] q)o Ri ( )
where V X 4 = B2. Thus, the flux density enclosed within one plaquette

of the unit cell is given by

2w (R 2 Rj |
Z@-.:Z—f A(?)-d?:——Zf A7) - d7
= Y = CDO R; (DO = R;

where O implies a closed loop

(x,y) A (x+1,5) o (x+1,y+1) A (x,y+1) AN (x,y)
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)

and

Rj—> Rj—> - - — -
Zf A(?)-d?:y@ A(?)-d?:foA-dS:fB.ds=Ba2
o “Ri R; S S

where S is the size of the plaquette and a is the lattice constant.
Thus, we obtain

Since the single-particle flux enclosed in a unit cell is 2 such as
Ny,Ny

Sou= 3, Yo~ (geet o, =

where I:I 1mphes a closed path around the rectangular lattice such as

(0,0) > (Nya, 0) — (N a, N a) (0 N a) %, 0,0)
We then should obtain

Since the rectangular lattice is a unit cell of the vortex lattice, we can
introduce a translation operator T, such that

P =T, Ff=F+R
where R = mN,aX + nNyay.
The gauge transformation of the vector potential A under the
translation operator is /T(Tmnf”’) = /T(F) + Vx(7)
Now, consider a Landau gauge A= (—By, 0,0) such that

X vy 2
vxi=| 2 2 91 _p,
| ox ay az| z
By 0 0

Thus, we have
A(Tno) = (—BTmoy, 0,0) = (-By,0,0) = A(F) = A(¥) + vx (R)

= vx(R)=0
and
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A(Tn?) = (=BTony,0,0)
= (=B(y +nN,a),0,0)
= (=B,0,0) + (—BnN,a,0,0)
ff(?‘) + Vy (ﬁ)
= Vy (ﬁ = —BnN,ax
=>x (ﬁ) = —BnN,ax

Thus, the Peierls phase factor becomes

®ij (ﬁ) gfrjmg@')'d?'
R
=oy+ 5 a(R)-ar

—

21 Ry
=@ + CID ( BnN. ax) .
21
=@ + ao-(—BnNyamea)
2n
= (pij + a‘ (—mnCDO)
0
From 1-4-C,
2T
—v(R l—)((R)
ul = x( ) u;
.e _ 2T
Ui’ — e_l%X(R)vi —e l X(R) v;
A= elzhic)((R)A_ q, X(R)A

we then obtain

X (ﬁ) = —mnd,
By considering a closed path around the rectangular lattice,

(0,0) > (Nya, 0) — (NaNa) (0Na)®(0,0)

the acquired flux of the superconducting pairing is
41
=——(-d,) =4
z =", (—®o) = 4z

= The flux enclosed by a unit cell has two superconducting flux
quanta. Each vortex carrys the flux quantum hc/2e.

. PERIODIC BOUNDARY CONDITIONS
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Since a magnetic unit cell contains two vortexes, conventionally, we set
the dimension of the lattice as Ny = 2N,,. Thus, each vortex is enclosed

. . .1 . N
in a square lattice with size 7"Ny.

For the nearest neighbor hopping term, the flux density in each
plaquette is

2 (R o .
thij=Z;D—f A7) - df = 9o + 9o + 9o + @0
= = 0JR;

2m (XtLY 2 5
= A(R)-di=--—B
®o @, L’y (7) - ar B, ya
21 x+1,y+1 .
<p®=_-f A®)- a7 =
CDO x+1y
anx'y“ 5 27
- A(7)-df = —B(y + 1)a?
Qo (DO 1yt () CDO (y )
2w (%Y
o= | A(7)-a7 =
0Jx,y+1

For each plaquette, we have

2w ) 2m 2
Z(pij = -5 Bya®+0 +$-B(y +1)a®?+0
= 0 0

_2m
NN,
We then define a constant phase
_2m
Po = I_V;V;
The Peierls phase factors are
((p_, = —I—V%%y = —@yY, along + x direction
_ 21 . .
Qij =P = I_VjV;y =@y along — x direction
@ =0 ) along + y direction
@, =0 ) along — y direction

At the boundaries,

ViEE 18 B



- - T—
o Py
ﬂl T[} (}l Tﬂ
_*"'1l.'t~ED - -Y-'.I'LP{I
1. "o N.|v \

the flux of each plaquette is —(Ny - 1)(p0. Thus, we need to manually
compensate the phase to ensure that the flux equals to @4. We then
define the Peierls phase factors at the boundary as
@oNyx | along +y direction, at y = N,,
Pij = { —@oNyx , along — y direction, at y =1

|| Ay
. -
Po Po
- \utpul T_J_".'..Jc.pu —N ‘I\'”{Pﬂl V.o
=A .l"Eﬂ _-\'ull:"n
1y "o RS S 1Ly

(3) For the next nearest neighbor hopping term, the flux density in each
triangle-plaquette is

2m
Z(PU z f A7) - d7 = o + 9o + 9o

x+1y 21T

A(7) - d# = —=—Bya?

Po =
CDO X,y CDO

e 19 H



21 x+1,y+1 .
Po f

=ao- A(r)-drz

_2m jx'y 2m B (y + 1)2 —y? 2
Po Jxr1y+1 0 2

x+1,y

5
)
!
|

T ®oNNya? 2 2NyN

The Peierls phase factors are

2t _a’* 2m ®, a® 1 2m @
Z(Pij o B T N NZ7 TINN. "2
- 0

1
P r=—@g (y + E) ) along + x + y direction
1 o
Px = @g <y + E) , along — x + y direction

@ij = 1
P\ = —@g <y - E) , along + x — y direction

1
©, = Qg (y - E) , along — x — y direction
\
At the boundaries

we define the Peierls phase factors as
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1
®o (Nyx - E) , along + x + y direction, at y = N,,
1 N
ON <Nyx + E) , along — x + y direction, at y = N,,
®ij =9 1
—Pg <Ny(x +1)+ E) , along + x — y direction, at y =1
1 o
-y <Ny (x—1) - E) , along — x — y direction, at y = 1

=
-
-

OS:
For some computer language, the index conventionally starts
from 0. Thus, we need to modify the boundary conditions as

follows:
1 N
@o [ Nyx + > , along + x + y direction, at y = Ny, — 1
1 N
@o [ Nyx — > , along — x + y direction, at y = N, = 1
Pij =

1
—@g (Ny(x +1) - E) ,along + x —y direction, at y =0

1
—@g (Ny(x -1+ E) ,along — x —y direction, at y =0

(4) For the 3rd nearest neighbor hopping term, the flux density in each
triangle-plaquette is

2 (R o .
Z(Pijzza)_f A(7) - d7 = 9o + 9o + 9o + 9o
o o O7Ri
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27T x+2,y .
Po = —j A(r) dr = ——B2ya
Do Jyy
21 x+2,y+1 .
(p®——-j A(F)-d7=0
CI)0 x+2,y
2w oyl 2
0o = — f A7) d = 2 Ba(y + 1)a?
@, x+2 Y+l @,
2m R R
(p@=—-j A(r)-dr=0
(DO xy+1
B _2m 2, W2 =2 2 _
Z‘p” @ ~ @, NeN,a? NN, ~ P

The Pelerls phase factors are

—@oy, along + x direction

) @02y, along — x direction
Pi=) o , along + y direction
0 ) along — y direction

At the boundaries, we define the Peierls phase factors as

@oNyx, along +y direction, at y = N,,
Pij = —@oNyx, along — y direction, at y = 2
@ —
290 | 2¢
0 0 0
r "
[11 2 N L1
- ‘ - - |
- \_r.l Po 2N yPo — NNy
r B ¥ .
B "".'ILEU - "‘f.r':pﬂ
Al TN, v, N, LIV,
ch(Nyx 1), along +y direction, at y = Ny, — 1
Qij =
—(pO(N - 1), along — y direction, at y =1
11 N{. 1}1
i P R—
Pao - w Po
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11 211 N1 11
* © *—%
o )
(2N, — 1)gq
—(Ny - l)*Pul T e i T{J«.‘ﬂ —1) g
_(-""i'.-"" y l]{pﬂ
LNy 2.V, NN, LIV,
»
) 0 0 0
1 T -
—lt;\ﬂ - l)t.p,} _t"'!.r —_ ]):PU.
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4-3 Local Density of States

GREEN'S FUNCTIONS ON LATTICE

Matsubara Green's function

61 (@ = = (T[ea @ ©)]) = —0@ (ex D, 0) + 01 (6], 2 ()
6in@ = - (T[eh@eo))

= -0() (¢}, M6(®) + 0(-1) (1O} @)

Fy (@ = = (T[ea @]} = ~0® (62 @) + 0D ear (7))
Fii(r) = — <T [é;(r)é}m)]) - —0(D) <ci*l(r)c].ﬁ(0)> +0(=1) <c]§(0)c;(r)>

The equations of motion of Green's function
9 9 ; 9 ;
== Gi1 (@) = = 5-0(0) (ca (D} O) + 5-0(=1) (¢, (0 (@)
= 00 [ ey @ )) + 0(=0) (] 0) 2 e (1)
O\5- @y D {10 5-cin(e
Since —a—@(‘[) = 6(t) and i(E)(—T) = —-6(-1)
ot at
d |0
Fe Gijr(t) = —6(7) ({CiT(T): CJTT(O)}> - <T [g CiT(T)C;rT(O)D
Use

0 Y A "
—gc;(‘[) = [CQ}(T), H] = Z tijcjj;r — 0hijCug
J
_ic. (@) = [cio (D), H] = ) —tyé1s(x) + o4, AN C))
57 Cio = |Cig ’ = ittlo il“lo

1
We obtain

0 .
F Gijr1(t) = =6(1)6;; + Z <T [_tilclT(T)C]TT(O) + Aizcﬂ(T)C;rT(O)D
7

= -8(0)8;; + Z (taGyr (@ — duFj@)
l
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2 6@ = ~5@ {{eh 0, cu)) - <’T‘ [% cit(r)c,-l(O)D
= 6@8y + Y (~tiGiu(© - KuFy ()
l
%Fij(f) =—6(1) <{CiT(T)' le(O)}> - <T [56; CiT(T)le(O)]>
= Z (tilFlj (0) - AilGl*ji(T))
l

o [0
—Fj(@ = =@ ({c @, ¢f0}) - <T [5; cl (‘L’)CJ-TT(O)D

=Y (~86i (D) ~ i @)

1
These equations are rearranged

0
—3s Gijr(T) — z (—fiszjT(T) + Aize?(T)) = §(1)6;j
7
0
—aFij(T) - z (—tizej(T) + AilGl*jl(T)) =0
7
d
_aF{}(T) - Z (Alszij(T) + ffzﬂ?(ﬂ) =0
7

0
~=Gin® = ) (6@ + 8yFy(@) = 58
l

We now write these equations in a matrix form

Gi1r o Give Fip 0 Fiy
_i Gyit - Gynt Fyi o Fyn
ot| Fi1 - Fin  Giy - Giy
F1T11 FIGN G;/u GITINL
—t11 —tiy Ay o Ay G111 Givt Fria
—ty1 v —tyy Ani 0 Ay Gyir = Gunr Faq
Ay - ALy tip oty Fiy - Fy Gy
11 11 tv tnn Fyi v Fan Gy
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10000 0
0100 0 0
B 001000
=8@]o 00 1 0 o0
000010
00000 1
Let
Gi1c - Ging Fi1 - Fiy
Go=| : =~ |, F=|1:i ~
Gniec - Gnne Fyi -+ Fyn

The equations can be rewritten as

il o) AF 6o o )
-[56 D-G O &)o-sof )

This equation is known as Gor'kov equations.

(2) Fourier transform of the Green's functions

Gy F 1 Ciwr (Gt FY .

(F* G;>(T):§ze (F* Gz>(“")
1 —iwTt

5(‘[)=EZe

w
Substituting into Gor'kov equations, we obtain

el -G IS ST ( )
[5G ANE Hw=G

Insert Bogoliubov unitary transformation matrix

G 2)-GF AIE @ ) (F &)= )

The solutions of BAG equations give us
GG @)= )6 7 *) ¢ )@= )
v u 0 iw 0 -E u* F* Gj 0 1
u —v*)[iw —E; ( *) Fy oo (1 0)
=z (V u* )( 0 iw~+ El) u* GI (lw) N 0 1
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, -1
= G F (iw) = (u _V*) lw — Eq 0 (u —v*)T
F* G vt 0 iw+E J\v u
1
P —— 0
_ (u —V*) iw — Eq (u* V*)
\"% u* 0 1 -V u
iw+ El
uu” N v'v uv” v'u
_ iw—ET i(l)+Ei i(x)—ET i(x)+Ei
1 vt u*v vV N uu*
iw—ET I:O)+Ei iw—ET l'(x)+Ei
Use global indices u}, v{*, and E,, i.e,
u} ul v} -
=) N T N+1 2N
u; = (ul_ ..... ul_ ul, ..... ui )
v} v{v ul ufv"
ol N o N+1 2N
v, = (vl ..... vi vi ..... Vi
E, Eqr
Ev |_| Ewnt
En+1 —Ey
E>n —Eny
Thus, we obtain
wlut o uvt
Gijr iy (i) = z iw—E, iw-E,
* * - Ny Nk Ny, n*
Fij Gy e B A
iw—E, iw—E,

B. LOCAL DENSITY OF STATES

(1) The local density of states at zero temperature

1 o~
pi(w) = —;J(Gm +Gyyy)

1 1 uu™
——%(Giir) = == E o Lt ) —
TL'J( llT) T : S <i(1) _ En)

1 1 vyl
— G.. —_ g T —
n\s( i) nzn J(iw+En

VUEE 27T H

= [urf 8(E, - w)
n
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n



pi(@) = = ) [u[* 6(By — @) + [V (Bn + @)
n

OS:

(2) The local density of states at finite temperature T
Using the property of §-function

d
8(Bn - 0) = ~F(Bn - 0) = — L2
pi(@) = ) il £(Ey = ) + [ 'f (B + )
Since "
Eptw)=—
f( nTW)= 1+eB(En+w)
_ 1
1 + tanh <§(—En—2i—w—>
1+
1 —tanh <§(—En—2i—w—)>

B(En + w )

C. SUPERCELL

(1) Let M;L; be the length of a crystal and L; = N;a; be the length of a
supercell.
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Apply the periodic boundary conditions
we (7 + ML) = e® My, (7) = uy (7)
- plkiMiLi — 1
2nt; 4 2m
ki:ﬁlﬁ::ﬁ?- where £; =0,--,M; — 1
The Bloch wavefunctions for each supercell are

jLizm
u(7) = e Mili "'u(7)
Define the supercell Bloch states wave vector as E, according to Bloch's
theorem, BAG wavefunctions are

(2) BdG equations are

—tr Ax\(ux —Vi\_ (uk —Vi\(Exr O
B te)\vie w ) \vi up J\ O —Ey
D |t 00w G0 + 845G ()] = Er (0 ()

]
—ty (K)e™ T + Ay (k)e ™ TIvT | = Eny(k)e il

T
2|t Uyt s s o Ty = £y o

j
Let tl](k) = eik.(ri_rj)tij and Al](k) = eik.(Fi_Fj)Aij

= z [_tiju]n + Aijvjn] = Enuf’
j
(3) The local density of states in terms of supercell Bloch states
ﬁ(En (k) - a))
— —— n ——————————————————
P& =i ZZ{| Gl [ ( >

+ |vi”(k)|2 [1 — tanh? (B—(EM)

2

}
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4-4 Superfluid Density

OS:
Inspired by Scalapino et. al. [Phy. Rev. Lett. 68, 2830 (1992)| for
the Hubbard model on a lattice.

A. CURRENT DENSITY OPERATOR

(1) We expand the Hamiltonian to include the interactions of electrons
coupled to an electromagnetic field.

—~ ~ S = V n.1Nn i 3]
H = —z (tijClTo.ng- + HC) + Uz nim; — Ez nin; = Ho + 0
i

ijo i#j
Here, H'(t) describes such a minimal coupling

2,2
A = —ea Y A E(R) - - ) 427 O)R()

where a is the lattice constant, A, is the vector potential along the x-
axis, and the particle current operator is defined as

TP =2 _ . —I- * 1—
]x (T'i) = —lz (tijcicrcjd - tijcjo-cid)

o
and the kinetic energy operator is defined as

K.(7)=- z (tijcifacj,, + tl-*jcj?;cia)
ag
(2) The charge current density operator along the x-axis is found to be
.. SH'(b) s . .
L(#) = —m = eafL (7)) + e2a?K, (7)) Ax (7, t)

0OS:
An alternative derivation of the charge current density operator
The electric polarization operator

P:eZﬁ-ﬁi

i
The x-component

ﬁx = ele'ﬁl‘

l
The time derivative is
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P (7) ==X =—[A,p
Jo(7) =5 =5 7Bl
— z At t
= Lez [x LijCixCia — Xi tﬂ ]Gcm]
o
= iez (xl- )tU Lcja
o
= lez (Xi — X]) tij (1 + l¢L}) CiTngO'
o

With the phase ¢;; = eA;; = eAx(Fi, t)(xl- — xj)./ in the limit that
the hopping integral only between the nearest neighbors, i.e., x; —

Xj

Ju() = ie ) aty(1 + iedy (7 )a)ch e,

o
: T 2,2 > T
ealz tijCixCic —€°a Ztiij(rL-,t)cwch

g o
eaft (7) + e2a?K, (7) AL (7, t)

=a.

B. KUBO FORMULA

(1) In the linear response theory, the statistical operator in the interaction
picture is given by
ot
l iy ~
P =pC-e) — 5 | [, p(-)] a’

The expectation of a physical variable is found to be

oot
(0) = Tr[p-)0] - 5 [T {pC-ea)[OC), ']}

=(0),~3 0@

where
O(tl) — eiﬁotoe—iﬁot
ﬁ'(t') — eiﬁotﬁle—iﬁot

(2) The paramagnetic component of the electric current density to first
order in A, is

e 3l H



D

t
N =i | (UEGO. @D
where

jP (77’ t) — eiflot]’;]c’ (7)e—iﬁ0t

The diamagnetic part in (K, ), only to zeroth order; (-++ ), represents a
thermodynamic average with respect to H,.

SUPERFLUID DENSITY
Diamagnetic response to an external magnetic field
<ELJ]C> = <_tijC1:rTCjT - tijcg-lcjl + HC)

N Z (‘fij (v = vy (rms = 97

n

—tj (u?*y::l + Ul-n)/m) (u}lyni + vjn*yZT) + H.C.>
y i W \VntVnr] TV V) \YnlVny
n

+ u?*u]n <y111-iyni> + Uinvjn* (ynTVTtT> + H-C-]

Use global indices u}', vi*, and E,, i.e,

u} ul v} —vN
1 “N T N+1 2N
ul = (ul ..... ui ui ..... ui )
vf le uil)' u?’*
=) N ON+1 2N
Vl = (Vi ----- Vi Vi ----- Vl_
E, Eqq
Ey |_| Ewt
EN+1 _Ell
Eon —Eyy

Thus, we obtain

<I?l’j> = —t;; Z [u?*u]”f(En) +vivi[1 - f(E,)] + H.c.]

n
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(Re(i,))) = Z(t” ¢ Cio + H.c.>

g

_ T T * T * T
= - <tijciTCjT + tijcilcji + tjichCiT + tjicjicil>
= - Z [t u u <ynTynT> + tl]v v <ynlyn¢> + tl]u u <yn¢ynl>

+ tuv 17 <VnTVrtT> + t]lujn* u (VnTVnT) + tjzv]n v <an)/n1>
+ t]lu]n*u (Vniynl> + t]lvjnvn* (ynTy;{T>]

:—ZZImt][u u'f(En) +vi'v n*(l—f(En)]

Where tij = t]"ki

(2) Paramagnetic response given by the transverse current-current
correlation function

ﬁ » ~ ~

Ay (1, i) = J dt e (T JE (r,T)JE(r', 0))
0

Paramagnetic current density

j;f(T') = _iz (tl] ;I-O'C]O' tU ]-tycw)
(TTjJI; (T', T)]AJI; (T", O))

— T T T * 7t
= —Z <T (tlj CigCio — t]l ]an) (t 1j1C g 1Cil gl — tj’i’cj’g’ci'a')>

oo’
= ttrrchcT,,c/r chcT,,c
ytij ioc~jo j o w-jl'y
oo’
T t T
- (Trcwc]ac],a,c ' r> <TTCJanC ’g’C]'a’>)
According to Wick's theorem
t T
(T CpCjrCi i > <T C]TCLT> <Tc/ l,T> <TT ,TCLT> <T c]Tcl,T>

T A1
= GﬂGJ i~ GGy
(T cllcﬂcjl Cjry > = <Trcuc]¢> <TTCi’¢Cj’l> - <TTc;rlcjri> <TTCiT’lCJ'l>

_ bl AL Al
= GGy — GGy,
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t t — T t t .
<TTCiTC]'TCi’.LC]"l> - <TTC]TCLT> <TTCi’,LCj,l> + <chi’lCiT> <TTCjTCj’l>

t t — T T Tt T
(Trcucjlci,chrT> = - <TTCNC]-¢> <Trcercl.,T> + (Trcucm> <Tchrch¢>

= —G}jG]T,i, + FFpr;

T T _ A7 T A7 LAl L Al
Z <T‘L'Cio'cjdci’o-’cj’o"> = GjiGjlil — Gj’iGji’ + GijGiljl — Gij'Gi'j

oo’

— GGy + FiyFipr = GGl + FiyFjr)

t t _ 1t 1 Ll e
Z <TTCjo'CiO'Cj’O-’Ci’U’> = GijGiljl — Gi’jGij’ + GjiG]"l" — Gjil Gjli
oo’

— GijGjlil + F}"jFii’ — GjiGi’j’ + F}j’Fi'i

T T _ A7 T A7 l Al Al
<T‘L'Cio‘cjdcj’g-’ci’0"> = GjiGi’j’ - Gi’iij’ + GijGjll-l - GiilGjlj

ago'!
Tl * LAt *
- GjiGinr + F}"iFji’ - GijGiljl + Fij'Fi’j

t t P I 1 Ll Alopal

Z <TTCjO'Ci0'Ci’o-’Cj’G’> = Gl'jGjll-I Gj’jGii’ + GjiGi’j’ GJJI Gili

!

ago
T Al * LT *
- Gl]GLIJ’ + Fi’jFij’ - GjiGj’i’ + F}'i’Fj,i
Since G]-‘{Gj‘fi, are disconnected part which will form a bubble, we can
ignore the contribution from the bubble.
Gji = G
7 7 T A7 L Al * *
(TT]JIC) (T, T)]J}C)(T‘,, 0)) = _tijti'j' (_Gj’iGji’ - Gij’ Gi’j + Fi’iFjj, + Fii'Fj’j)
_ T A7 Al * *
= —tijty; (=G} Gl — GGy + Fj Fup + FjFyy)
T A1 LAl . .
+ tyjtyyr (=Gl — GGl + FFy + FuFy )
T A1 L Al * *
+ tijti’j' (_Gj’jGii’ - ij’Gi’i + Fi'jFl'j’ + F}'i'Fj’l')
Since

1. GiT,i does not contribute to the current
2. F;» = 0in d-wave superconductivity

- P T AT T a1
(TJE(r, DL, 0)) = —tijtyry (_Gj’iGji’ - Gilj’Gil’j = GGy — Gjli’Gjl’i

+Fj*;iFji, + Fij"Fl"j + F:;jFU, + F;:IF]’l)
_ T T l l * *
= —Ztijtl-ljl (_Gi’jGij’ — Gij’Gi’j +Fij'Fi’j + FiljFijl)
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B
A (r, 1) = j dr e (T, J2 (r, DJE (', )
ﬁzz T 0,0+ )

w nn'

BZZG‘TJG‘TJ 322 Z iw —E i(Q :l-.wl;jl—

L S5 e L) 100 )

7 i+ E, — E,
n=1n'=1
The Meissner effect is the current response to a static (Q = 0) and
transverse gauge potential

Bzz Gy jmGijrn = z Z u"u"*un o f(EZT)l - /;£E )

w nn' n=1n’'=1
Ny (., = 0) = =2t;t, 0 Z z n,u"*u" u]”, ¥ — v"v]’}*v, v]
n=1n'=1
E E,
_ Vnun*un, v vnun*un v *) f( Tl) f( )
J J J J E,—E,
Let

F”” =t;; (u”*u” —VnV]n *)

Axx(i;j;ﬂ = 0) = Ztl}tl,], z z an l—-n]n’f(En) f(E )

E,—E,

n=1n'=1

We obtain
ps(i,j) = (_Kx(i'j» _AXX(i'j'Q = 0)

L3S gy ) 1)

n=1n'=1

= >t [wrup £ () +vivpt (1 = £(E)]

n

(3) The local or site-specific superfluid density is then given by
Let j=1i
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E())_ xx(iﬂ:o)
Z Z rnn an’f(En) f(E )
yays i+x E,—E,

Z o [0 (Bn) + Vi (1= F(En))]

n
!

nn' _ nx N nyn'*

I‘i = Liivx (ui+xu -V VL+x)

(4) The superfluid density is evaluated as

ps(T) >
= = (R ~Aa(ax = 0.4, = 0,0 =0)

where (—Ex) is average kinetic energy along X direction, and A,,(¢,Q2) is
a diagonal element of the current-current correlation.

Z Z <[tl i+xCiy Cizo + H.c. ]>

M0, = [ v {2 0,2 (-4.0)

The retarded current-current correlation function is obtained by
analytically continuing iQ,, = Q + id

—i t - ! -~ a
Mela.0) = 37 [ e e O 2 (0 01 (-a.0)
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4-5 Spin Relaxation Time

A. SPIN-SPIN CORRELATION

(1) Spin-spin correlation

X @ = (1[sr @37 )

Let
Sl+ TT ----- Spin raise operator
S . Tl ----- Spin lower operator
We obtain

x5 @ = (T[ e @ea@ef (06 @)])

Use Wick's theorem, the product of four operators can be factorized
into sums of products of pairs,

x5 @ = (1]t @] (T [l @eu@))
- (1] @cu@]) (T [} @c} @)

Assume
Gjir(—1) = Gj1(0,7) <T [C]T(O)CLT(T)D
6u(@ = Gu (.0 = (T[] @ca(@])
Fi(=1) = F(0,0) = (T [ (@ cu @)

Fi(® = Fi@,0) = (T[c, @} @)
We have
xii~ (@) = Gjip (1) Gy (v) — F; (1) F;i(7)

(2) The Fourier transformation of y

B
)(;;_(iﬂl) :f elﬂlr)(;“j_(r) dr
0

B 1 . L
— elﬂl‘rﬁ, Z elwITp—lw]T
0

wlw{

x [Gjir (iwn) Gyur (iwp) = Fy(iwon )i (i) | dr

Since
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B ,
f ei(@n+on—wn)t gr = BS(Q + wy — wp)
0

we obtain

1
157 (10) = 57 . B5(@n+ 00— )

W
x |Gjir (iwn) G (i) = Fy(iwn) Fi(ip)|
1
_ Ez |Gt (10n) Gies (19 + i) = Fyi(icon ) (i, + i)
wn

1 uj'u;” /a7
ﬁwnnm iw, — E, i1Q,+iw, — E,
u]"v"* v]mum*

—-E, iQ,tiw, —E,
where we have used global indices u}', vi*, and E,, i.e,

u} ul v} -
HT /—M]\} N+1 2N
ul = (ui ----- ul_ ui ----- ui
v} vy ul uyw
HT ’dﬁ N+1 2N
Vl = (vi ..... vi vi ..... vi )
E, Eqr
Eyn Ent
EN+1 _Ell
EZN _ENl

Since

1 Z 1 1
B Liliwy, —Ep iQy +iw, —Ep
wWn

1 1
a EZ [iwn —E, iQ,+iw,— Em] i, +E, — Ep,
Wn

_ f(En) = f(Em — i)
T O, +E,—En

we obtain

E E,, — i
X (i,) = z u"u"*vmvm* u]”v”*v]mum*)f( lng +f]§ _El n)
n n m
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(3) Analytic continuation
- Q0+in

+— ; — Ny M* g, M, M* Ny, N* My M*
Xij (Q‘l‘ln) —Z(u] ul' VJ Vi —uj Vi VJ ui )
nm

S (En) = f(Em — Oy — in)
Q,+in+E,—E,

B. SPIN RELAXATION TIME (Ty)

(1) The spin-lattice relaxation time is
1
T,T
where
3 (2 (10 = O+ 0)) = D (W vV — upvi v up)

nm

o (B = £ (B = 0~ i)
! )

Q, +in+E, —Ep

1
= lim —3 (% (i9% ~ Qy + in))

Qp—-048)y,

Q-0

(2) Since

2 2
N N* M, M Ny, N*k, M M* n m Ny, N*, M M*

1
) (Qn +in+ Ep — Em) = (MO + En — E)
Thus, we obtain
S (i@t m)) = D (v = wpvprvag)
nn’
X [f(En) = f(Em — Qp — in)]|(—m)8(Qy + Ep, — Epy)
= lim (|u?|2|vim|2 - u”vin*vimu?‘*)

0,-0 t
nn

Xf(En) _f(Em _Qn _ir/)
Q,
= > (Pl - wrvirvra) [~ (En)m6 (B — En)]

!

1

T.T Q50

(-m)8(Q, + Ey — Ey)

nn
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